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ABSTRACT
There is significant observational evidence that a large fraction of galactic centers, including those
in the Milky Way and M31, host a supermassive black hole (SMBH) embedded in a triaxial nuclear
star cluster. In this work, we study the secular orbital evolution of binaries in these environments, and
characterize the regions and morphological properties of nuclear star clusters that lead to gravitational
wave mergers and/or tidal captures. We show that even a modest level of triaxiality in the density
distribution of a cluster (an ellipsoid with axis ratios of 0.7 and 0.95) dramatically enhances the merger
rates in the central parsecs of the Galaxy by a factor of up to ∼ 10− 30 relative to a spherical density
distribution. Moreover, we show that the merger fraction of binaries with semi-major axes in the range
10-100 AU remains above 10% for the entire central parsec of the cluster, reaching values close to unity
at a distance of ∼ 0.2 − 0.4 pc from the SMBH. We understand this large merger efficiency in terms
of two distinct mechanisms: i) eccentricity oscillations driven by the dominant axisymmetric part of
the cluster potential that are enhanced by the slow modulation of a binary’s angular momentum from
the triaxial contribution, similar to the well-known octupole-level dynamics in three-body systems; ii)
chaotic diffusion of eccentricities arising when the nodal precession timescale of a binary’s orbit about
the SMBH becomes comparable to its characteristic secular timescale. Overall, our results indicate
that galactic centers are significantly more collisional than previously thought, with mergers taking
place up to the effective radii of their nuclear star clusters.
Keywords: binaries: close – galaxies: center – stars: kinematics and dynamics – gravitational waves
1. INTRODUCTION
1.1. Nuclear Star Clusters
Most nearby galaxies contain a dense stellar cluster
at their kinematical and photometric centers (e.g., Neu-
mayer et al. 2011; Turner et al. 2012; Georgiev & Bo¨ker
2014). These so-called nuclear star clusters have masses
in the range 105−108 solar masses (M), effective radii
of a few parsecs, and often host a central supermassive
black hole (SMBH) (e.g., Georgiev et al. 2016). This is
the case in our own galaxy, which hosts a nuclear clus-
ter and an SMBH with masses of ∼ 3 × 107M and
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∼ 4 × 106M, respectively (Ghez et al. 2008; Gillessen
et al. 2009).
Nuclear star clusters in nearby galaxies are often ob-
served to have non-spherical mass distributions (e.g.,
Georgiev & Bo¨ker 2014). This is the case for the cluster
in the Milky Way, where the diffuse light follows an el-
lipsoidal distribution in the central parsecs, with major
axis on the plane of the Galaxy and a mean axis ratio of
0.7−0.8 (Scho¨del et al. 2014; Fritz et al. 2016). Further-
more, the stellar kinematics are consistent with these re-
sults (Chatzopoulos et al. 2015) and additionally show
evidence for triaxiality (Feldmeier-Krause et al. 2017).
A more dramatic example of triaxiality is the nuclear
star cluster in the Andromeda galaxy, which possesses a
double nucleus (Kormendy & Bender 1999) that is best
explained as an eccentric and apsidally aligned disk of
stars (Tremaine 1995). In fact, these strongly triaxial
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2 Bub & Petrovich
nuclear structures may not be uncommon in early-type
galaxies (Lauer et al. 2005).
1.2. Dynamics of Binaries and Astrophysical
Applications
The dynamics of stars in the inner parsecs of the
nuclear cluster are characterized by high dispersion
velocities, high stellar densities, and short relaxation
timescales1 (e.g., Merritt 2013). The dynamical evolu-
tion of binaries in these environments is a complex and
multi-scale process, ranging from impulsive-like close en-
counters with other stars to long-range tidal torques
arising from the SMBH and the cluster. Despite this
complexity, there has been significant recent progress in
this field, mainly driven by the exciting possibility that a
significant fraction of compact-object mergers detected
by the LIGO-Virgo collaboration may arise dynamically
in these extreme environments (e.g., Antonini & Perets
2012; VanLandingham et al. 2016; Bartos et al. 2017;
Petrovich & Antonini 2017; Stone et al. 2017; Hamers
et al. 2018; Hoang et al. 2018; Randall & Xianyu 2018;
Hamilton & Rafikov 2019a; Fragione et al. 2019; Zhang
et al. 2019; Leigh et al. 2018).
Beyond gravitational wave sources, the evolution of
binaries in the Galactic center is likely tied to other as-
trophysical phenomena and stellar populations, includ-
ing X-ray binaries, hypervelocity stars, S-stars, G-2 ob-
jects, and various types of transient events (Hills 1988;
Hopman 2009; Antonini et al. 2010; Prodan et al. 2015;
Stephan et al. 2016, 2019; Fragione & Antonini 2019).
The population of X-ray binaries are of particular in-
terest to understanding the role of galactic nuclei at
sourcing LIGO-Virgo events, as they serve as a proxy
for the distribution of black holes in the innermost par-
secs of the Galaxy. Interestingly, recent observations by
Hailey et al. (2018) show that a dozen detected X-ray
binaries form a cusp concentrated in the central par-
sec of the Galaxy, implying a significant over-density of
these objects in this region. This result demands an ef-
ficient formation channel that is unique to the Galactic
center. One promising possibility proposed by Genero-
zov et al. (2018) is that the X-ray binaries result from
low-mass stars being tidally captured by a black hole.
The authors disregard the possibility that the tidal cap-
tures (or, more precisely, dynamical hardening) can oc-
cur in binary systems, because previous works relying
on the Lidov-Kozai mechanism have low capture effi-
1 The two-body relaxation timescales can be long or comparable
to the age of the clusters, thus explaining why the clusters are gen-
erally not spherical. However, the resonant relaxation timescales
are generally much shorter than the ages of the clusters.
ciencies (∼ 1%) at the location of observed X-ray bina-
ries (. 1 pc) (Prodan et al. 2015; Stephan et al. 2016).
However, these works and most previous treatments for
the case of gravitational wave mergers ignore the effect
of the cluster potential which, as we will show, dramat-
ically increases merger rates in this region.
1.3. Our Work
In this work, we study the role of the cluster potential
on the secular orbital evolution of binaries. Our goal is
to characterize the regions within the cluster as well as
their morphological properties that lead to gravitational
wave mergers and/or tidal captures.
Only recently, a few works have studied the effects of
the cluster potential on the secular evolution of binaries
that can lead to mergers. First, Petrovich & Antonini
(2017) considered the effect of axisymmetric clusters,
and showed that mergers are greatly enhanced due to
the emergence of secular chaos. However, the authors
treated the cluster potential as a small perturbation to a
three-body system and did not explore the full extent of
the cluster, but rather limited themselves to the central
∼ 0.5 pc of a single ad-hoc potential. Second, in a se-
ries of papers Hamilton & Rafikov (2019b,c,a) explored
the secular dynamics for the full extent of the cluster,
and overcame the technical limitations of Petrovich &
Antonini (2017) by fully accounting for the cluster tidal
field in the binary’s evolution. However, the authors re-
stricted themselves to non-triaxial clusters without an
SMBH. We go beyond these works by considering bi-
nary evolution in the full extent of triaxial clusters with
a central SMBH.
This paper is organized as follows. In Section 2, we
describe our model and methods. In Sections 3, 4, and
5, we describe our results for three distinct dynamical
regimes. In Section 6, we demonstrate the merger frac-
tions in our model resulting from a population synthesis
of binaries. Finally, in Section 7, we summarize and
discuss all of our main results.
In order to facilitate the navigation of this paper,
which involves various dynamical regimes for a binary,
we have provided a schematic diagram of the most rel-
evant regimes in Figure 1 as a function of distance to
the central SMBH and the binary’s semi-major axis.
The caption for the figure explains the different regimes,
which we will discuss in detail throughout this paper.
2. THE MODEL
2.1. Coordinate System
We consider a stellar binary system of total mass Mbin
with semi-major axis ain, orbiting a central SMBH of
mass MBH with semi-major axis aout, and embedded
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Figure 1. Dynamical regimes for a binary with total mass Mbin = 10M in the Milky Way Galactic center as a function of the
binary semi-major axis ain and the distance to the central black hole aout. The central black hole has a mass ofMBH = 4×106M,
while the stellar cluster is assumed to follow an axisymmetric Hernquist density profile with distance scale s = 4 pc, total mass
8MBH, and axis ratio c = 0.85. From the upper-left corner to lower-right corner, the dynamical regimes are defined as follows:
Unstable: ain > 0.25 aout(Mbin/MBH)
1/3 (Grishin et al. 2017). Single-averaging breaks down: Pin < τsec(1 − e2max)1/2,
where averaging the forces from the SMBH and cluster over the binary’s inner orbit becomes an invalid approximation (we
use emax = 0.999 for reference). Double-averaging breaks down: Pout < τsec(1 − e2max)1/2, where averaging over the outer
orbit breaks down. Secular chaos: the nodal precession of the outer orbit due to the cluster is comparable to the secular
timescale, Ω˙outτsec ∼ 0.1− 10, such that the binary evolution is neither approximated by an isolated three-body system, nor by
the tidal field from a dense axisymmetric torus (Section 3). This region gives rise to chaos and extreme eccentricities (Section 4).
Relativistic quenching: ω˙GRτsec > 1, such that the eccentricity growth from secular interactions is quenched by relativistic
precession. Hard binaries: vk > σ, where the binaries are tight enough that they are not expected to evaporate after repeated
encounters with other stars in the cluster. The dashed lines indicate the typical timescale for soft binaries to evaporate, which
is longer than ∼ 10 τsec for the relevant cases of our work (i.e., not quenched by relativistic precession).
within a nuclear star cluster with mass density ρ(r). To
model the orbit of the inner binary system, we follow the
vectorial formalism (e.g., Tremaine et al. 2009; Tremaine
& Yavetz 2014). Here, the system is characterized by the
vectors
e ≡ e eˆ j ≡
√
1− e2 jˆ (1)
where eˆ points toward the pericenter of the inner binary,
jˆ is parallel to the angular momentum vector, and e is
the eccentricity. We also introduce a third unit vector,
qˆ = jˆ × eˆ to complete the coordinate system. Finally,
we define Cartesian unit vectors nˆx, nˆy, and nˆz, which
provide the reference frame with respect to the SMBH.
A schematic diagram of the coordinate system is shown
in Figure 2, and a full summary of the notation used in
this paper is given in Table 1.
2.2. Equations of Motion
Given a smooth potential Φ that changes over scales
much greater than that of the inner binary separation
(i.e., |d log(Φ)/dr|−1  ain), we may Taylor-expand the
potential about some position r, assuming that only the
tidal field is important:
Φ ≈ x
2
2
∂2Φ
∂x2
∣∣∣∣
r
+
y2
2
∂2Φ
∂y2
∣∣∣∣
r
+
z2
2
∂2Φ
∂z2
∣∣∣∣
r
+ xy
∂2Φ
∂x∂y
∣∣∣∣
r
+ xz
∂2Φ
∂x∂z
∣∣∣∣
r
+ yz
∂2Φ
∂y∂z
∣∣∣∣
r
=
1
2
∑
i,j=x,y,z
Φij(r)xixj .
(2)
In this particular application, r = rout gives the posi-
tion of the barycenter of the inner binary relative to the
SMBH, and xi = nˆi · rin gives the components of the
displacement vector of the inner binary.
If we further assume that both the tidal potential Φij
and the inner angular momentum change at timescales
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Figure 2. Coordinate system. The fixed Cartesian system
with origin at the SMBH defines the symmetry axes of the
ellipsoidal cluster density profile ρ(r). The position of the
binary’s barycenter is rout, and relative to this location we
define the eccentricity and specific angular momentum vec-
tors, ein and jin, to fully describe the binary’s Keplerian
orbit with semi-major axis ain.
much longer than the period of the binary, then we
may average the tidal potential over the orbit of the
inner binary. As demonstrated in Appendix A, the time-
averaged potential reads
〈Φ〉 = a
2
in
4
∑
i,j=x,y,z
Φij(r)
[
5(nˆi · e)(nˆj · e)
− (nˆi · j)(nˆj · j) + j2 δij
]
.
(3)
The equations of motion for the inner binary system are
then given by
dj
dt
=
a
3/2
in
2
√
GMbin
∑
i,j=x,y,z
Φij(r)
[
(nˆj · j)(j × nˆi)
− 5(nˆj · e)(e× nˆi)
] (4)
de
dt
=
a
3/2
in
2
√
GMbin
∑
i,j=x,y,z
Φij(r)
[
(nˆj · j)(e× nˆi)
− 5(nˆj · e)(j × nˆi) + δij (j × e)
]
.
(5)
The full derivations for these equations can be found in
Appendix A.
In addition to Equations (4) and (5), we also include
the relativistic precession of the e vector, which adds an
additional term given by
de
dt
=
ω˙GR
(1− e2)3/2 j × e (6)
where
ω˙GR =
3G3/2M
3/2
bin
a
5/2
in c
2
. (7)
Symbol Description
MBH Mass of the central SMBH
Mbin Total mass of the inner binary
Mcl Total mass of the nuclear star cluster
rin Displacement vector of the inner binary
rout, r Position vector of the outer binary
ain, a Semi-major axis of the inner binary
aout Semi-major axis of the outer binary
jin, j Normalized angular momentum vector of
the inner binary
jout Normalized angular momentum vector of
the outer binary
ein, e Eccentricity vector of the inner binary
ein, e Eccentricity of the inner binary
eout Eccentricity of the outer binary
iin, i Inclination of the inner binary relative to
the z-axis
iout Inclination of the outer binary relative to
the z-axis
ωin, ω Argument of pericenter of the inner binary
Ωin, Ω Longitude of the ascending node of the in-
ner binary
Ωout Longitude of the ascending node of the
outer binary
nˆi i
th Cartesian unit vector
Φ Gravitational potential
Φcl Cluster potential
Φij Tidal tensor, ∂
2Φ/∂xi∂xj
ρ Mass density of the nuclear star cluster
Table 1. Summary of the notation used throughout this
paper.
2.3. Cluster Model
Although our treatment is general for a wide range
of density profiles, we shall focus our attention to one
specific family of density profiles known as the triaxial
γ-family, which is given by
ρ(x, y, z) =
(3− γ)Mcl
4pibc
s
mγ(m+ s)4−γ
(8)
where Mcl is the total mass of the cluster, s is the scale
radius, and m2 = x2 + y2/b2 + z2/c2. For reference, the
mass enclosed by the density profile in the region m < m˜
is
Mencl(m < m˜) = 4pibc
∫ m˜
0
m2ρ(m) dm
= Mcl
(
m˜
m˜+ s
)3−γ
.
(9)
Motivated by the observational results of Chatzopou-
los et al. (2015), throughout the remainder of this paper
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we will assume that s = 4 pc, and normalize the cluster
potential such that the mass enclosed by the cluster in
the scale radius is given by Mencl(m < 4 pc) = 2MBH.
Thus, Mcl = 2
4−γMBH.
2.3.1. Potential
The potential associated with this mass distribution
has no explicit form and has to be calculated by nu-
merically solving a one-dimensional integral. However,
there are limiting cases that allow for explicit and sim-
ple expressions that will prove useful for our theoretical
analysis in Sections 3 and 4.
First, in the limiting case of a spherically symmetric
potential (b = c = 1, or m = r), the associated potential
for the γ-family can be written analytically as
Φcl(r) = − GMcl
s(2− γ)
[
1−
(
r
r + s
)2−γ]
(10)
in the case γ 6= 2 (Renaud 2010). This, in turn, gives
an expression for the tidal tensor as
Φijcl =
GMcl
rγ(r + s)3−γ
[
δij − xixj 3r + sγ
(r + s)r2
]
. (11)
Second, in the limiting case of a slightly flattened den-
sity distribution, b = 1 and 1− c2  1, we show in Ap-
pendix B that an explicit form of the potential can be
found using a quadrupolar expansion. In particular, for
a Hernquist potential (γ = 1), we expand the density
distribution in spherical coordinates as
ρ(r, θ) =
Mcl
2pic
s
r(r + s)3
[
1− z
(
4r + s
r + s
)
cos2 θ
]
(12)
with z = (1− c2)/c2 < 1/2. The full potential is given
by Equation (B17) and an approximated solution for
r < s is
Φcl(r, θ) ≈ − GMcl
c(r + s)
[
1− z
3
+
13z
24
r
s
− z
6
r
s
cos2 θ
]
.
(13)
2.3.2. Velocity Dispersion and Distribution Function
For simplicity, we assume spherical symmetry when
estimating the velocity dispersion and distribution func-
tion for our potential model. Thus, the velocity disper-
sion can be obtained from the Jeans equations as
σ2(r) =
1
ρ(r)
∫ ∞
r
Mencl(r
′)ρ(r′)
r′2
dr′ (14)
(Binney & Tremaine 1987). Similarly, the distribution
function can be obtained from Eddington’s formula as
f(E) = 1√
8pi2
[∫ E
0
dΨ√E −Ψ
d2ν
dΨ2
+
1√E
dν
dΨ
∣∣∣∣
Ψ=0
]
(15)
where Ψ ≡ −Φ is the relative potential, E ≡ Ψ− 12v2 is
the relative energy, and ν(r) ≡ ρ(r)/Mcl is the spatial
probability density (Binney & Tremaine 1987). Specific
details regarding our implementation of these formulae
as well as an analytic expression for the velocity dis-
persion of a Hernquist-profile cluster can be found in
Appendix C.
2.4. Simulation Procedure
In order to evolve the orbit of the binary system nu-
merically, we have developed a hybrid Python code to
evolve both the barycenter position rout of the system,
and to compute the singly-averaged tidal torque on the
inner binary in an arbitrary potential. The code, which
is available on github2, utilizes galpy (Bovy 2015) to
take advantage of its large library of potentials. With
this code, the simulation procedure is as follows:
1. Integrate the orbit of the barycenter, rout, about
the Galactic center using galpy.
2. At each time step, compute the tidal tensor Φij of
the combined black hole plus cluster potential.
3. Evolve the j and e vectors according to Equations
(4) and (5), respectively.
The computation of the tidal tensor is also accom-
plished via galpy. This allows the code to be applied
to a wide variety of potentials, including many triax-
ial potentials as well as arbitrary sums of potentials.
In particular, we use galpy’s KeplerPotential and
TwoPowerTriaxialPotential to compute the tidal ten-
sor for the sum of the SMBH Keplerian potential and
the γ-family cluster potential, respectively.
In all of our simulations, we integrate for approxi-
mately 1,000 secular timescales, up to a maximum of
1 Gyr. For simplicity, we compute the secular timescale
here with Equation (22) rather than Equation (19).
3. TORUS-FILLING DYNAMICS IN
AXISYMMETRIC POTENTIALS
In this section, we examine the dynamics of binaries
whose outer orbits densely fill an axisymmetric torus
on timescales shorter than those at which the inner bi-
nary is torqued by the tidal field. This problem was
studied in detail by Hamilton & Rafikov (2019b,c), who
develop a general formalism to describe the dynamics of
torus-filling binaries in axisymmetric potentials, gener-
alizing previous results regarding the effect of galactic
tides on stellar binaries (e.g., Heisler & Tremaine 1986).
2 https://github.com/mwbub/binary-evolution
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Here, we demonstrate that our simulations are consis-
tent with the results of Hamilton & Rafikov (2019b,c),
and examine the additional effect of an SMBH on these
considerations.
3.1. Torus-Averaged Equations
When dealing with torus-filling orbits in axisymmet-
ric potentials, one can approximate the the evolution
of the inner binary by averaging Φij over many periods
of the outer binary, a technique which we refer to as
“torus-averaging”. Note that this term is distinguished
from the commonly-employed term “double-averaging”
for the purposes of this work. Here, we define double-
averaging as averaging over the dynamical timescale of
the outer binary. By contrast, torus-averaging refers to
averaging over many dynamical timescales such that the
outer orbit may densely fill an axisymmetric torus. For
this work, this is in practice equivalent to averaging over
the timescale of the nodal precession of the outer orbit.
The regimes in which these two forms of averaging break
down are distinct, as shown in Figure 1 and discussed
in Section 4.
As shown by Hamilton & Rafikov (2019b), in this
torus-averaged limit the tidal tensor has only diagonal
terms, and 〈Φxx〉 = 〈Φyy〉. In this case, the torus-
averaged potential reads
〈〈Φ〉〉 = a
2
in
4
∑
i=x,y,z
〈Φii〉
[
5(nˆi · e)2 − (nˆi · j)2 + j2
]
=
3a2in
2
〈Φzz + Φxx〉
[
1
2Γ(5e
2
z − j2z ) + 14e2(1− 5Γ)
]
(16)
where
Γ ≡ 〈Φzz − Φxx〉
3〈Φzz + Φxx〉 . (17)
For an SMBH alone, the potential reduces to the Ke-
plerian case where Γ = 1, recovering the well-known
Lidov-Kozai potential.
In the torus-averaged potential, jz =
√
1− e2 cos iin is
a constant of motion and the potential is integrable. Us-
ing the conservation of jz and the secular energy, Hamil-
ton & Rafikov (2019c) show that a nearly circular inner
orbit with jz ≈ cos i0 reaches a maximum eccentricity
given by
emax =
√
1− 10Γ
1 + 5Γ
cos2 i0. (18)
This result is valid for orbits with Γ > 1/5, where the
phase space structure resembles that of the Lidov-Kozai
potential in which ω undergoes libration. For 0 < Γ <
1/5, no libration of the argument of pericenter is found.
In the case Γ = 1, the formula reduces to the previously
known emax =
√
1− 53 cos2 i0 (e.g., Lidov 1962; Kozai
1962). As we will see in Section 3.2, the presence of
an SMBH conspires to keep Γ > 1/5 in most regimes.
We also stress that Equation (18) is valid only for inner
orbits which are initially nearly circular, and as such we
only use this expression for demonstrative purposes.
From the equations of motion for j and e, the charac-
teristic secular timescale for the evolution in the torus-
averaged potential is given by
τ−1sec =
3a
3/2
in
2
√
GMbin
〈Φzz + Φxx〉. (19)
Note that this expression is equivalent to Equation (34)
of Hamilton & Rafikov (2019c).
In the special case of a circular orbit in the Galactic
midplane, embedded within a spherical γ-family cluster
with a central SMBH, the torus-averaged tidal tensor
can be derived from Equation (11) as
〈Φxx〉 = GMcl
aγout(aout + s)
3−γ
[
1− 3aout + sγ
2(aout + s)
]
− GMBH
2a3out
〈Φzz〉 = GMcl
aγout(aout + s)
3−γ +
GMBH
a3out
.
(20)
In turn, Γ becomes
Γ =
3MBH +Mcl a
3−γ
out (aout + s)
γ−4(3aout + sγ)
3[MBH +Mcl a
3−γ
out (aout + s)
γ−4(aout + s(4− γ))]
.
(21)
As expected, this expression reduces to Γ = 1 for
Mcl = 0. The expression also approaches unity asymp-
totically as aout →∞ and the cluster potential appears
increasingly Keplerian. The secular timescale then be-
comes
τ−1sec =
3a
3/2
in
2
√
GMbin
(
GMBH
2a3out
+
GMcl
aγout(aout + s)
3−γ
[
2− 3aout + sγ
2(aout + s)
])
.
(22)
For elliptical orbits, one can use this expression to ap-
proximate the secular timescale by modifying aout →
aout
√
1− e2out (e.g., Petrovich & Antonini 2017).
3.2. Comparison with Simulations
The predictions of the torus-averaged equations hold
in our singly-averaged code, so long as the secular
timescale is much longer than the timescale to fill an
axisymmetric torus. This can be seen in Figure 3,
which compares the analytic emax given by Equation
(18) with the numerical results from our singly-averaged
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Figure 3. Γ and 1 − emax as a function of aout for circular
orbits in the Galactic midplane, embedded within an ax-
isymmetric Hernquist-profile (γ = 1) cluster potential with
various flattening factors c. Top panel: Γ as a function
of aout. The c = 1.0 curve is generated analytically via
Equation (21), whereas the c = 0.7 and c = 0.3 curves are
generated numerically via Equation (17). Bottom panel:
1−emax as a function of aout, assuming an initial inclination
of i0 = 60
◦ for the inner binary. The dashed lines represent
the analytic prediction given by Equation (18). The circle
and triangle markers represent the numerical results from
the singly-averaged code, run with ain = 10 AU and 100 AU.
code. Here, we perform simulations of the secular evolu-
tion for circular orbits in the Galactic midplane, which
trivially fill a torus, using an inner semi-major axis of
both ain = 10 AU and 100 AU. The figure also demon-
strates the effect of varying the flattening parameter c
of the potential, defined in Equation (8). Note that
for demonstration purposes, these particular simulations
omit the quenching due to relativistic precession. In
addition, there are no data points for aout > 3 pc in
the ain = 10 AU case, as beyond this point the secu-
lar timescale exceeds our maximum integration time of
1 Gyr.
The numerical emax results in the ain = 10 AU case
are in very good agreement with the analytic predic-
tions at all values of aout. In the ain = 100 AU case,
the agreement is also good for aout & 1 pc, but begins
to diverge from the analytic curve at smaller distances
from the SMBH. This divergence occurs as the dynami-
cal timescale of the outer binary becomes comparable to
the secular timescale. In Figure 1, this corresponds to
the orange-shaded region where double-averaging breaks
down.
The effect of the SMBH is also clear from this figure.
At small values of aout, the central black hole domi-
nates and the system approximates isolated three-body
dynamics. This corresponds to Γ = 1. At larger aout,
the influence of the cluster is more apparent, causing
a dip in the value of Γ. However, the presence of the
SMBH keeps Γ greater than the critical value of 1/5 at
all distances, in contrast to the behavior seen in Hamil-
ton & Rafikov (2019b). At large values of aout, Γ begins
to converge again toward unity, as expected.
The right column of Figure 4 gives an example of the
evolution of a torus-filling binary. Here, the center-right
panel shows that the binary densely fills a torus in a sin-
gle secular timescale. In addition, the lower-right panel
demonstrates that the 〈Φxx〉 and 〈Φyy〉 components of
the averaged tidal tensor converge to each other, and
that the cross terms of the tidal tensor vanish within
a secular timescale. As such, we observe regular ec-
centricity cycles with a well-defined emax in the upper-
right panel, which is in good agreement with the torus-
averaged predictions.
4. NON-TORUS-FILLING DYNAMICS
In this section, we discuss the dynamics of binaries
in axisymmetric potentials whose outer orbits fail to
densely fill a torus within the secular timescale. In this
regime, the analytic formalism of Hamilton & Rafikov
(2019b,c) breaks down, and we observe substantially dif-
ferent behavior. Most interestingly, this regime can give
rise to secular chaos in the evolution of the inner orbit,
as previously studied by Petrovich & Antonini (2017).
This can in turn induce extreme eccentricities in the in-
ner binary, and consequently greatly enhanced merger
rates.
4.1. Nodal Precession Timescale
The location of the non-torus-filling regime can be es-
timated by considering the timescale of the nodal preces-
sion of the outer orbit compared to the secular timescale.
Therefore, here we calculate the nodal precession rate
due to an axisymmetric Hernquist potential and SMBH.
We ignore the effect of apsidal precession in this analysis
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Figure 4. Evolution of binaries in three different dynamical regimes. Each binary is embedded within an axisymmetric
Hernquist-profile cluster potential taken with c = 0.7. The outer orbits are each given inclination iout = 30
◦ and eccentricity
eout = 0.3. The inner orbits are each given semi-major axis ain = 30 AU and initial inclination i0 = 60
◦ relative to the z-axis.
Left column: Quasi-Keplerian orbit (Section 4.2). Middle column: Chaotic non-torus-filling orbit (Section 4.3). Right
column: Torus-filling orbit (Section 3). Top row: 1 − e as a function of time over 50 secular timescales. Middle row: x-y
projection of the outer orbit over one secular timescale. Bottom row: Averaged tidal tensor components as a function of time
over five secular timescales.
because it has a less significant dynamical role: eccen-
tric orbits that fail to fill a torus due to slow apsidal
precession alone still produce an effectively axisymmet-
ric potential, as the binary evolution is dominated by the
SMBH (i.e., the quadrupolar Lidov-Kozai potential).
We average the approximate cluster potential from
Equation (13) over one dynamical timescale of the outer
binary. Thus, for a circular orbit we get
〈Φcl〉 ≈ z
6c
GMcl
s
aout
s
(jout · nˆz)2 + cst. (23)
and the orientation of jout is given by
djout
dt
= Ω˙out(nˆz · jout)(jout × nˆz) (24)
where
Ω˙out =
z
3c
(
GMcl
s3
)1/2 (aout
s
)1/2( Mcl
MBH
)1/2
. (25)
This precession rate has to be compared to the secular
timescale in Equation (19) to determine the dynamical
regime of the system. For orbits inside ∼ 1 pc, the secu-
lar timescale is dominated by the black hole and we can
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write
τsecΩ˙out =
4z
9c
(
M
1/2
bin Mcl
M
3/2
BH
)(
a
7/2
out
a
3/2
in s
2
)
. (26)
For our fiducial parameters s = 4 pc, Mcl = 8MBH, and
Mbin = 10M we get
τsecΩ˙out ≈ 0.7
(
z/c
0.2
)(
aout
0.2 pc
)7/2(
10 AU
ain
)3/2
.
(27)
Recall that this expression is derived for small z and is
only physically valid for z = (1/c
2 − 1) < 1/2, or c >√
2/3 ≈ 0.81 (see Appendix B). Nevertheless, we shall
still use this expression for smaller c below to provide
guidance on the typical dynamical regime.
The relevant dynamical regimes can now be more pre-
cisely defined as follows: for τsecΩ˙out  1, orbits are
torus-filling and the considerations of Section 3 are valid;
for τsecΩ˙out  1, orbits are nearly Keplerian, as dis-
cussed in Section 4.2 below; and for τsecΩ˙out ≈ 1, secular
chaos is induced, as discussed in Section 4.3.
4.2. Quasi-Keplerian Orbits
In the limit τsecΩ˙out  1, orbits are approximately
Keplerian on the secular timescale, and the isolated
three-body dynamics of the SMBH and binary become
valid. This can be seen in the left column of Figure 4,
which shows the evolution of a binary with τsecΩ˙out ≈
10−2. The center-left panel shows that the orbit traces
out a nearly closed ellipse in a secular timescale. In
turn, we recover the standard Lidov-Kozai cycles, as
shown in the upper-left panel. Note that the small sec-
ondary oscillations in each Lidov-Kozai cycle here are
due to the breakdown of the double-averaging approxi-
mation as the secular timescale approaches the dynam-
ical timescale.
In addition, the lower-left panel of Figure 4 shows that
in the quasi-Keplerian case, 〈Φxx〉 and 〈Φyy〉 do not nec-
essarily converge to each other as they do in the torus-
filling case, for instance in the lower-right panel. In-
deed, as shown by Petrovich & Antonini (2017), in this
limit the symmetry axis of the nuclear star cluster is no
longer the relevant frame for the dynamics of the inner
binary, but rather it is the rotated frame of the outer
orbital plane. Thus, the relative component jin · jˆout
is conserved rather than jz as in the torus-filling case.
Consequently, the maximum eccentricity is determined
by the relative inclination of the inner binary to its outer
orbital plane, rather than to the Galactic midplane.
4.3. Secular Chaos
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Figure 5. 1 − emax as a function of aout for binaries in an
axisymmetric Hernquist cluster potential taken with c = 0.7.
The outer orbits are each taken to be circular and are given
an inclination of iout = 30
◦. The inner orbits are each given
initial inclination i0 = 60
◦ relative to the z-axis, and are run
with both ain = 10 AU and 100 AU. The quasi-Keplerian,
chaotic, and torus-filling regimes are visible for both values
of ain. In addition, the GR-quenching regime is visible for
ain = 10 AU at larger values of aout.
In regions where the secular timescale is comparable to
the nodal precession timescale, orbits are neither torus-
filling nor Keplerian. In this case, the dynamical system
becomes chaotic, and the inner orbit performs a random
walk through the available parameter space (Petrovich
& Antonini 2017). As a consequence, the eccentricity of
the inner binary can approach unity within a few secular
timescales.
An example of this evolution is given in the mid-
dle column of Figure 4, which demonstrates a binary
with τsecΩ˙out ≈ 4. Here, we observe from the cen-
ter panel that the the orbit is certainly not Keplerian,
but also fails to densely fill a torus within a secular
timescale. Additionally, from the lower-center panel,
we can see that the tidal tensor components do not
converge to their torus-averaged values within a secu-
lar timescale. As a consequence, the evolution becomes
chaotic, leading to the extreme eccentricities seen in the
upper-center panel. Here, the eccentricity reaches levels
of 1− e < 10−5 within 10 τsec.
A succinct summary of the various dynamical regimes
is given by Figure 5, which plots 1 − emax as a func-
tion of aout for binaries with inclined outer orbits and
two different values of ain. At low values of aout, we
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can see that the binaries undergo modest eccentricity
excitations consistent with the quasi-Keplerian regime.
At slightly higher values of aout, the binaries begin to
achieve extremely high eccentricities as they enter the
chaotic regime. Toward the center of the chaotic regime,
almost all binaries reach eccentricities of 1 − e < 10−4,
a level which is relevant for mergers. Since τsec is pro-
portional to a
−3/2
in , the chaotic regime is shifted to the
left in the ain = 10 AU case as compared to the 100 AU
case. As aout becomes larger still, the maximum eccen-
tricities begin to converge to the torus-filling prediction,
which is given by the black dotted line. At this point,
relativistic precession begins to quench the eccentricity
excitations for the 10 AU binaries, until excitations are
no longer observed for aout & 1 pc. In this same region,
the 100 AU binaries remain in good agreement with the
torus-filling prediction.
Figure 5 is generated assuming that each outer orbit
is circular. When the outer orbit is eccentric, as in Fig-
ure 4, the dynamical regimes are qualitatively similar.
The additional oscillations due to the apsidal precession
of the outer orbit have the effect of extending the size
of the chaotic regime in phase space, but otherwise do
not lead to additional behavior. As discussed in Section
4.1, apsidal precession alone is insufficient to excite ex-
treme eccentricities in the inner binary. For very highly
eccentric outer orbits, however, the breakdown of the
double-averaging approximation as τsec becomes small
can lead to large eccentricities for highly-inclined inner
orbits.
5. DYNAMICS IN TRIAXIAL POTENTIALS
In this section we discuss the influence of triaxiality on
the evolution of Galactic-center binaries. As of yet, this
regime has not been explored in the literature. Here,
we provide an initial overview of these dynamics by de-
scribing the behavior in various regions of phase space,
particularly as it contrasts with the axisymmetric case.
We note that the dynamics in general triaxial poten-
tials is rich, and that outer orbits can follow a wide range
of evolution paths, including chaotic and centrophilic or-
bits (Merritt 2013). For simplicity and illustration pur-
poses, we shall focus on weakly triaxial potentials and
outer orbits with modest eccentricities. These lead to
toroidal orbits, similar to the axisymmetric case, but
with circulation of one of the symmetry axes. These ap-
proximations will allow us to analytically explore these
dynamics in certain limiting cases. We leave a full ex-
ploration of the phase space to future works.
An example of the effect of triaxiality is given in Fig-
ure 6, which compares 1 − emax for two binaries in
axisymmetric and triaxial potentials, respectively, each
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Figure 6. 1 − emax as a function of aout for binaries in an
axisymmetric and triaxial Hernquist potential. Both poten-
tials are taken with c = 0.7, and the triaxial potential is taken
with b = 0.95. The binaries are each given an outer incli-
nation of iout = 40
◦, an initial inner inclination of i0 = 60◦,
and a semi-major axis of ain = 100 AU. The outer orbits are
taken to be circular. The addition of triaxiality substantially
widens the region of phase space where large eccentricities
occur for these particular parameters.
taken with iout = 40
◦. Here, we notice that in the Ke-
plerian and chaotic regimes, the behavior is similar in
the axisymmetric and triaxial cases, albeit with higher
maximum eccentricities achieved in the triaxial case. In
the torus-filling regime, however, the addition of triax-
iality results in significant increases in the maximum
eccentricity for this set of parameters. Therefore, for
the remainder of this section we restrict our attention
to the effect of the triaxial perturbations in the torus-
filling regime, where aout & 1 pc.
5.1. Time-Averaged Equations
5.1.1. Potential
We modify Equation (16) to determine the effect of
triaxiality in the torus-filling regime. In this case, the
diagonal terms of the tidal tensor still vanish, however
〈Φxx〉 6= 〈Φyy〉 (see Section 5.2 for a detailed example il-
lustrating this limit). Thus, the time-averaged potential
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becomes
〈〈Φ〉〉 = a
2
in
4
∑
i=x,y,z
〈Φii〉
[
5(nˆi · e)2 − (nˆi · j)2 + j2
]
=
3a2in
2
〈Φzz + Φyy〉
[
1
2Γ(5e
2
z − j2z ) + 12Π(5e2x − j2x)
+ 14e
2(1− 5Γ− 2Π)]
(28)
where
Γ =
〈Φzz − Φyy〉
3〈Φzz + Φyy〉 Π =
〈Φxx − Φyy〉
3〈Φzz + Φyy〉 . (29)
Note that we slightly adjust our notation here such that
Γ is defined in terms of 〈Φyy〉 rather than 〈Φxx〉. We
choose to do this because 〈Φyy〉 is often larger in magni-
tude than 〈Φxx〉 when setting b < 1 in the density profile
of our nuclear star cluster. As such, 〈Φyy〉 is more rele-
vant for defining the secular timescale, in this case.
From the potential, we can write down a dimensionless
Hamiltonian for the system given by
H = 〈〈Φ〉〉
Φ0
(30)
where
Φ0 =
3a2in
2
〈Φzz + Φyy〉 (31)
and for which the dimensionless timescale is τ = t/τsec
with
τ−1sec =
3a
3/2
in
2
√
GMbin
〈Φzz + Φyy〉. (32)
When writing the dimensionless Hamiltonian in terms
of classical orbital elements, the canonical action-
angle variables are {j = √1− e2, ω} and {jz =√
1− e2 cos i, Ω}, assuming nonzero inclination. In the
zero-inclination case, the system has only 2 degrees
of freedom, and the action-angle coordinates become
{1 − j, −$}, where $ = ω + Ω. We will alternate
between the vectorial notation and the classical orbital
elements in our following analysis.
5.1.2. Coplanar Eccentricity Excitation
In the limit of zero-inclination inner orbits, we have
jz =
√
1− e2, jx = ez = 0, and ex = e cos($).
Thus, from Equation (28) we can write the dimension-
less Hamiltonian as
Hcop = e
2
4
(1− 3Γ) + Πe
2
4
(
5 cos2$ − 1) . (33)
Then, from Hamilton’s equations,
de
dτ
= −5Π
2
e(1− e2)1/2 sin 2$ (34)
d$
dτ
= − (1− e
2)1/2
2
[
1− 3Γ + Π (5 cos2$ − 1)] . (35)
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Figure 7. 1−emax, Γ, and Π as a function of iout for binaries
in a triaxial Hernquist potential, taken with c = 0.7 and
b = 0.95. The outer orbits are each taken to be circular with
aout = 1.5 pc, and the inner orbits are each taken with ain =
100 AU, and given both i0 = 10
◦ and i0 = 60◦. The location
of the eccentricity excitations in the i0 = 10
◦ case agrees
with the coplanar prediction of Equation (39). Eccentricity
excitations in the i0 = 60
◦ case are driven by additional
effects, such as modulation of jz (see Figure 8).
These equations imply that the eccentricity can grow
significantly if either the level of triaxiality in the po-
tential Π is large or $ precesses slowly. The typical
timescale for the eccentricity growth is
τsec,triaxial =
τsec
|Π| . (36)
Furthermore, we can integrate these equations of mo-
tion by writing
de
d$
=
5Πe sin 2$
1− 3Γ + Π (5 cos2$ − 1) (37)
and specifying an initial condition (e0, $0), such that
e($)/e0 =
1− 3Γ + Π (5 cos2$0 − 1)
1− 3Γ + Π (5 cos2$ − 1) . (38)
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Figure 8. Evolution of binaries embedded in a triaxial Hernquist potential at aout = 1.5 pc, selected from Figure 7. Top row:
1−e as a function of time. Middle row: jz as a function of time. Bottom row: iin as a function of time. Left column: Nearly
coplanar binary, exhibiting extreme eccentricity excitations corresponding to retrograde flips of its orbit. Middle column:
Binary exhibiting quadrupole-like eccentricity modulation on short timescales, which reach extreme eccentricities due to the
modulation of jz. Right column: Binary exhibiting what is likely a multitude of overlapping effects, resulting in an apparently
chaotic evolution.
Thus, it becomes clear that a necessary condition for
e → 1 is that the denominator vanishes or, for Π < 0,
that the system satisfies
0 ≤ 1− 3Γ−Π ≤ 5|Π|. (39)
5.1.3. Modulation of jz
In the general time-averaged triaxial case, jz is no
longer conserved as in the torus-averaged axisymmetric
case, but rather undergoes modulation. We can again
use the Hamiltonian to derive this modulation as
djz
dτ
= −∂H
∂Ω
= Π [5exey − jxjy] . (40)
Thus, jz undergoes modulation with an amplitude de-
termined by Π. This is analogous to the well-studied
Lidov-Kozai mechanism, where jz can slowly change
due to non-axisymmetric octupole-level perturbations
(Katz et al. 2011; Lithwick & Naoz 2011). We will show
that this modulation contributes to binaries wandering
through phase portraits, and consequently encountering
regimes that can lead to extreme eccentricity growth.
5.2. Simulation Results
Figure 7 plots the maximum eccentricity as a func-
tion of iout for binaries in a triaxial Hernquist poten-
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Figure 9. Averaged tidal tensor components as a function of
time for the model displayed in the right column of Figure 8.
After several secular timescales, the cross terms of the tidal
tensor vanish, and the diagonal terms converge to distinct
values.
tial taken at aout = 1.5 pc, together with Γ and Π. At
lower inclinations, the binaries exhibit moderate maxi-
mum eccentricities, similar to the torus-averaged predic-
tions in the axisymmetric case. At larger inclinations,
the magnitude of Π increases, and as such we observe
large maximum eccentricities that do not occur in the
axisymmetric case. In the case iin = 10
◦, the location of
these eccentricity excitations is near to the region where
0 ≤ 1−3Γ−Π ≤ 5|Π|, as predicted for the coplanar case
in Equation (39). In the iin = 60
◦ case, large eccentric-
ities occur up to approximately 45◦. Beyond this point,
we have Γ < 1/5, causing all eccentricity excitations to
cease (Hamilton & Rafikov 2019b,c).
Full evolutions for a few selected binaries from Figure
7 are given in Figure 8. Here, we can see that a vari-
ety of dynamical behaviors drive the large eccentricities
observed in each binary.
In the left column, a nearly coplanar binary exhibits a
monotonically increasing eccentricity approaching unity,
corresponding to a complete retrograde flip of the inner
orbit. This behavior is similar to the octupole-order
coplanar flipping described in Li et al. (2014), although
in this case we observe the effect at the quadrupole level.
The binary in the middle column, by contrast,
shows Lidov-Kozai-like eccentricity modulation on short
timescales, together with a more gradual modulation
of jz. As jz approaches 0, the maximum eccentricity
achieved by each Lidov-Kozai cycle approaches unity.
As such, this regime may be described as mimicking
the torus-filling behavior on short timescales, whilst
gradually wandering through phase portraits on longer
timescales due to the modulation of jz.
The third column displays much less clean behavior,
exhibiting irregular evolution of e, jz, and iin. It is possi-
ble that this binary is experiencing multiple, overlapping
effects which together create an apparently chaotic evo-
lution. For instance, at t ≈ 100 τsec, the orbit undergoes
a retrograde flip corresponding to an eccentricity spike,
whereas a similar spike at t ≈ 300 τsec corresponds to
iin approaching 90
◦. It is also of note that this behavior
occurs near to the bifurcation at Γ = 1/5 described in
Hamilton & Rafikov (2019c).
Finally, in Figure 9 we show the averaged tidal tensor
components for this last example. Here, we observe that
after several secular timescales all cross terms vanish,
while all the diagonal terms converge to different val-
ues. Since the relevant behavior occurs over timescales
 τsec, we expect that our description using a weakly
distorted torus in Equation (28) is a good approximation
to these complex dynamics.
6. POPULATION SYNTHESIS
In order to explore the overall effect of the cluster and
SMBH tidal fields on mergers, we perform a popula-
tion synthesis. Here, our aim is to demonstrate how the
binary merger fraction varies across our fiducial mod-
els, with particular emphasis on the effect of a central
SMBH and a triaxial nuclear star cluster. We also show
how the merger fraction varies with distance from the
Galactic center. As this work is principally focused on
the dynamics at play, we leave an explicit estimate of
the compact-object merger rate to future works.
6.1. Procedure
We generate a sample of binaries according to the fol-
lowing procedure. For the outer orbits, we begin by sam-
pling the initial position rout from a log-uniform distri-
bution in the range rout ∈ (0.1 pc, 10 pc). At each such
position, we sample a velocity v from the distribution
function f of our cluster model, according to Equation
(C24). The initial position and velocity vectors rout and
v are then each oriented by sampling azimuthal angles
φ uniformly such that φ ∼ U(0, 2pi) and polar angles θ
isotropically such that cos θ ∼ U(−1, 1).
For the inner orbits, we first sample ain from a log-
uniform distribution in the range ain ∈ (10 AU, 100 AU).
The argument of pericenter and longitude of the ascend-
ing node are then sampled uniformly such that ω,Ω ∼
U(0, 2pi). Initial inclinations are sampled isotropically
such that cos iin ∼ U(−1, 1). Finally, the initial ec-
centricities follow a thermal distribution in the range
e ∈ (0, 0.9), such that e2 ∼ U(0, 0.81). For each of these
binaries, we use the fiducial mass Mbin = 10M.
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After the sampling stage, we remove binaries with un-
stable orbits, which would require direct N-body simu-
lations to evolve accurately. These are given by the con-
dition (Eggleton & Kiseleva 1995; Grishin et al. 2017)
ain(1 + ein) > 0.4 aout(1− eout)
(
Mbin
3MBH
)1/3
(41)
which we evaluate at ein = emax.
We integrate each binary for 10 τevap, up to a maxi-
mum of 1 Gyr, where τevap is the evaporation timescale
of the binary. This can be estimated as
τevap =
√
3σ
32
√
piGainρ ln Λ
Mbin
M
(42)
where σ is the velocity dispersion, ρ is the cluster den-
sity, ln Λ is the Coulomb logarithm, and M is the typ-
ical mass of stars in the cluster (Binney & Tremaine
1987). For the purpose of estimating the evaporation
timescale, we set Λ = 15 and M = M. We note
that although binaries are expected to evaporate after
∼ 1 τevap, we also show results evaluated at 10 τevap as a
proxy for systems hosting more massive binaries, which
undergo more secular cycles within an evaporation time
(τevap/τsec ∝
√
Mbin) and require larger minimum peri-
center distances (shorter eccentricity diffusion times) to
drive gravitational wave mergers (τGW ∝M−3bin).
We perform the integrations in four different poten-
tials: a triaxial cluster, an axisymmetric cluster, a spher-
ical cluster, and a spherical cluster without a central
SMBH. Each star cluster is given a Hernquist-profile
(γ = 1). Additionally, the axisymmetric and triaxial
models are each initialized with c = 0.7, and the triax-
ial model is given b = 0.95. For the three models with
an SMBH, we integrate 3,000 binaries in total. For the
model without an SMBH, we integrate 10,000 binaries
due to the comparatively low merger fractions and the
shorter computation time for this simpler model.
6.2. Outcomes
We classify the outcomes of the binaries into the fol-
lowing categories:
• Gravitational wave merger, which we define as a
binary that at any point in its evolution reaches
a maximum eccentricity emax such that its inner
orbit shrinks by gravitational radiation within one
secular eccentricity cycle. This condition can be
written as:
τGW < τsec
√
1− e2max < 1 Gyr (43)
where τGW = (a/a˙)|GW is the merger timescale
evaluated at the maximum eccentricity. This is
given by
τGW =
3
85
(
a4c5
G3m1m2(m1 +m2)
)(
1− e2max
)7/2
(44)
where m1 and m2 are the component masses of
the binary system (Peters 1964). For our fiducial
model, these are set to m1 = m2 = 5M. We note
that all the systems drawn have initial τGW > 1
Gyr and would not merge if not for the effect from
the cluster and/or the SMBH.
• Tidal capture of a solar-type star, in which a bi-
nary’s pericenter shrinks to the characteristic tidal
radius rt = R1(m1/m2)
1/3, such that a tidal cap-
ture is likely (e.g., Lee & Ostriker 1986). Assuming
a solar-type star orbiting a 9M black hole, such
that the total mass is m1 +m2 = 10M, we arrive
at the following condition for a tidal capture:
ain(1− emax) . 2R ≈ 10−2 AU (45)
which is relevant for determining formation rates
of X-ray binaries (Generozov et al. 2018).
We approximate the secular timescale when computing
merger fractions using Equation (22), modifying aout →
aout
√
1− e2out to account for elliptical orbits.
6.3. Merger Fractions
Figure 10 shows the gravitational wave merger frac-
tion for our population synthesis of binaries binned as a
function of aout
3. This plot shows clearly the substan-
tial effect of an SMBH and non-spherical nuclear star
cluster on merger fractions.
In the case of a spherical star cluster without an
SMBH, merger fractions are consistently low at < 1%,
and do not vary significantly within error as a function
of aout. This is consistent with the results of Hamil-
ton & Rafikov (2019a). The addition of an SMBH to
this spherically symmetric system causes an order-of-
magnitude increase in the merger fractions, reaching
approximately 10% as one approaches 0.1 pc. This is
largely due to the break-down of the double-averaging
approximation as one approaches the SMBH; the inclu-
sion of an SMBH decreases τsec, and as such the sec-
ular timescale approaches the dynamical timescale for
binaries whose outer orbits have low pericenters. These
3 We have computed aout as the average of the closest and
furthest approach to the SMBH throughout the integration. Given
the coarse binning, this rough definition is sufficient to illustrate
the sense of distance within the cluster.
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Figure 10. Gravitational wave merger fraction as a func-
tion of aout for a variety of potentials. Top panel: Merger
fractions evaluated at t = 1 τevap. The presence of an SMBH
contributes to order-of-magnitude increases to the merger
fraction in the inner parsec of spherically symmetric star
clusters. The addition of triaxiality further enhances merger
fractions by a factor of about 2-10. Bottom panel: Merger
fractions evaluated at t = 10 τevap. Here, triaxiality enhances
the merger fraction even further, with fractions approaching
70% in the inner parsec of the Galaxy. This represents an
increase by a factor of about 10-30 relative to the spherical
case in this region.
single-averaging effects can exacerbate the maximum ec-
centricities achieved, due to both oscillations on the dy-
namical timescale and non-conservation of jz. As such,
merger fractions become much larger as aout decreases.
In a triaxial star cluster, merger fractions increase
even further, approaching unity near 0.2 pc from the
SMBH after 10 τevap. As discussed in Sections 4 and
5, there are two significant contributing factors to the
extreme merger efficiency observed here. First, in the re-
gion aout . 1 pc, mergers are driven primarily by secular
chaos in the non-torus-filling regime, where the secular
timescale is similar to the nodal precession timescale
of the binaries. This process drives the largest merger
fractions observed near 0.2-0.3 pc. For binaries with
aout & 1 pc, mergers are instead primarily driven by
triaxial effects, including coplanar eccentricity excita-
tion and non-conservation of jz. This can be seen by
comparing the triaxial and axisymmetric cases: near
the chaotic regime, merger fractions are similar for both
models, whereas the triaxial case exhibits notably larger
merger efficiencies at aout & 0.5 pc. The combined effect
is a consistently large merger fraction that is an order
of magnitude larger than the equivalent spherical model
in most regions. At very small and very large values
of aout, the merger fractions begin to become similar
to the spherical case, as the SMBH becomes dominant
and the cluster appears increasingly like a point mass,
respectively.
Comparing the t = 1 τevap and t = 10 τevap panels in
this plot reveals the substantial effect of the integration
time. Indeed, we see that most binaries which merge
in the triaxial and axisymmetric cases do so after t =
1 τevap, and that the distinctions between the triaxial
and axisymmetric cases do not become apparent until
the later time. As such, it will important for future
works to examine how the collisional dynamics affect
these considerations.
Figure 11 shows the tidal capture fraction as a func-
tion of aout for our four fiducial potentials. In com-
parison with Figure 10, the overall trends are similar,
with order-of-magnitude increases in the tidal capture
fractions with the addition of an SMBH and triaxial nu-
clear star cluster. Capture fractions are higher overall
than with the gravitational wave merger condition, since
the tidal capture condition tends to require somewhat
lower maximum eccentricities. As such, in the triaxial
case the capture fraction reaches as high as 90% in the
chaotic regime. Additionally, the capture fractions do
not drop off as quickly at large aout as they do with the
gravitational wave condition. This is likely because bi-
naries at these large distances have much longer secular
timescales, and as such have fewer opportunities during
the integration time to reach the large eccentricities re-
quired for a gravitational wave merger. That is to say,
there are a number of binaries which have enough time
to satisfy the more permissive tidal capture condition,
but would require a longer integration time to satisfy
the gravitational wave condition.
Note that Figures 10 and 11 are missing data points
in bins where no binaries in our population synthesis
merged, particularly near the left and right edges of the
plots. This is largely due to the sampling procedure,
which produces binaries with aout near 0.1 pc and 10 pc
less frequently than it produces binaries with aout closer
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Figure 11. Tidal capture fraction as a function of aout
for a variety of potentials. Top panel: Capture fractions
evaluated at t = 1 τevap. Fractions are again significantly
enhanced by the presence of an SMBH and triaxial nuclear
star cluster. Because the tidal capture condition is some-
what more permissive than the gravitational wave merger
condition, these fractions are higher than those in Figure 10,
even after only 1 τevap of integration time. Bottom panel:
Capture fractions evaluated at t = 10 τevap. After the full
integration time, the capture fractions reach as high as 90%
near 0.3 pc in the triaxial case.
to the middle of the plot range. The number of binaries
toward the edges is also influenced by the stability cri-
terion (41), which reduces the number of binaries with
low aout.
7. DISCUSSION
In this work, we studied the secular dynamics of stellar
binaries in the Galactic center, accounting for both the
potential from a central SMBH and a triaxial nuclear
star cluster. Our main result is that even modest levels
of triaxiality (with axis ratios of 0.7 and 0.95) can dra-
matically enhance the compact-object merger fractions
in the center of the Galaxy, by a factor of ∼ 10−30 rela-
tive to a spherical cluster. Moreover, these merger frac-
tions reach near-unity values at ∼ 0.2− 0.4 pc from the
Galactic center, with fractions remaining above ∼ 10%
in the central ∼ 2 pc.
These results demonstrate that compact-object merg-
ers in galactic nuclei driven by secular dynamics are
not confined to the innermost 0.1 pc of the cluster (e.g.,
Hoang et al. 2018), but rather could reach up to the ef-
fective radii of the cluster. In turn, this implies enhanced
rates of compact-object mergers by gravitational radia-
tion compared to previous studies, and the possibility of
forming the X-ray binaries by tidal captures in the inner
parsec of the cluster (Generozov et al. 2018). Further
work including star formation and evolution is required
to quantify these formation rates.
We have also developed a code4 to evolve Galactic-
center binaries in arbitrary orbits and nearly arbitrary
potentials, which is a hybrid of galpy (Bovy 2015) and
our singly-averaged equations of motion (see Equations
4 and 5). This is similar to the singly-averaged code
implemented by Hamilton & Rafikov (2019b,c), but un-
like their work using orbital elements, we have expressed
the equations of motion using the vectorial formalism,
which has the advantage of being more compact and
non-divergent5. The extensive library of potentials pro-
vided by galpy allows us to evolve binaries in a wide
variety of environments. Although we have only applied
this code to the Galactic center, it can in principle be
used to study binaries in other environments (e.g., wide
binaries in the Galactic field).
Other significant and more specific results from this
work include:
• We find that triaxial clusters lead to a new dy-
namical behavior in which jz—the binary’s an-
gular momentum along the cluster’s z-axis—is
slowly modulated, leading to near-unity eccentric-
ities for a wide range of orbital parameters. We
understand this behavior in two limits displayed
in Figure 8. First, for highly inclined binaries
(middle column), the slow modulation enhances
the eccentricity oscillations driven by the axisym-
metric part of the potential, similar to the well-
studied octupole-level modulations of the Lidov-
Kozai mechanism in three-body systems (Naoz
2016). Second, for low-inclination binaries (left
column), binaries are slowly torqued by the triax-
ial part of the potential, leading to regular eccen-
4 https://github.com/mwbub/binary-evolution
5 The classical Delaunay orbital elements are ill-defined for po-
lar orbits, and as such the equations of motion diverge.
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tricity growth coupled with orbit flipping, anal-
ogous to its counterpart in coplanar three-body
systems (Li et al. 2014).
• We confirm the existence of a chaotic regime where
a large fraction of binaries are excited to extreme
eccentricities, as previously discovered by Petro-
vich & Antonini (2017) using doubly-averaged
equations in axisymmetric clusters. Here, secular
chaos arises when the nodal precession timescale
of the binary’s outer orbit about the SMBH ap-
proaches the secular timescale. We show that an
equivalent interpretation of this regime within the
framework of Hamilton & Rafikov (2019b,c) is that
chaos occurs when the binary evolution is neither
approximated by a three-body system nor by the
tidal field averaged over an axisymmetric torus.
Here, the presence of an SMBH significantly slows
the nodal precession rate, such that orbits do not
densely fill an axisymmetric torus within a secular
timescale. This can be seen in the middle column
of Figure 4. Furthermore, we find that triaxial
clusters expand the available phase space for sec-
ular chaos compared to axisymmetric clusters, al-
lowing for chaos to occur at larger distances from
the SMBH (see Figure 6).
• We find that for spherical clusters the presence of
an SMBH greatly increases the fraction of mergers
in the inner parsec of the cluster. This is related
to at least two separate effects. First, the SMBH
allows for a larger concentration of mass inside a
binary’s orbit. In turn, this keeps the value of Γ as
defined in Equation (17) above the critical value
of 1/5, below which eccentricity excitations do not
occur (Hamilton & Rafikov 2019b,c). Second, the
presence of an SMBH leads to a break-down of the
double-averaging approximation for a wide range
of binaries (see Figure 1), significantly enhancing
the rate of mergers near the SMBH (see Figure
10, spherical case). This latter result is consistent
with previous N-body experiments (e.g., Antonini
& Perets 2012; Fragione & Antonini 2019).
Overall, our results show that the level of triaxiality of
nuclear star clusters plays a major role at determining
the merger frequencies of binaries, revealing in partic-
ular a link between the morphology of the centers of
galaxies and enhanced rates of gravitational wave merg-
ers.
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APPENDIX
A. EQUATIONS OF MOTION
From the tidal approximation given in Equation (2), the potential averaged over the period of the inner binary is
given by
〈Φ〉 = 1
2
∑
i,j=x,y,z
Φij(r)〈xixj〉. (A1)
Writing xi = nˆi · rin, where rin is the displacement vector of the inner binary, we may find an explicit form for this
potential by calculating 〈xixj〉 = 〈(nˆi · rin)(nˆj · rin)〉. To do so, we write rin = r cosφ eˆ+ r sinφ qˆ, where φ is the true
anomaly and qˆ = jˆ × eˆ. We then have that
(nˆi · rin)(nˆj · rin) = r2
[
cos2 φ (nˆi · eˆ)(nˆj · eˆ) + cosφ sinφ (nˆi · eˆ)(nˆj · qˆ)
+ cosφ sinφ (nˆi · qˆ)(nˆj · eˆ) + sin2 φ (nˆi · qˆ)(nˆj · qˆ)
]
.
(A2)
To average Equation (A2), therefore, we compute 〈r2 cos2 φ〉, 〈r2 sin2 φ〉, and 〈r2 cosφ sinφ〉. The average of some
arbitrary function f(rin) over the orbit of the inner binary is given by
〈f(rin)〉 = (1− e
2)3/2
2pi
∫ 2pi
0
dφ
(1 + e cosφ)2
f(r, φ) (A3)
(Tremaine & Yavetz 2014). Using this expression, as well as the fact that r = a(1− e2)/(1 + e cosφ), we find that
〈r2 cos2 φ〉 = a
2
2
(1 + 4e2)
〈r2 sin2 φ〉 = a
2
2
(1− e2)
〈r2 cosφ sinφ〉 = 0.
(A4)
Thus, we have that
〈(nˆi · rin)(nˆj · rin)〉 = a
2
2
[
(1 + 4e2)(nˆi · eˆ)(nˆj · eˆ) + (1− e2)(nˆi · qˆ)(nˆj · qˆ)
]
. (A5)
We wish to eliminate q from this expression in favor of j. To do so, we can expand the simple product of two triple
products as
(nˆi · qˆ)(nˆj · qˆ) =
(
(jˆ × eˆ) · nˆi
)(
(jˆ × eˆ) · nˆj
)
=
∣∣∣∣∣∣∣
jˆ · jˆ jˆ · eˆ jˆ · nˆj
eˆ · jˆ eˆ · eˆ eˆ · nˆj
nˆi · jˆ nˆi · eˆ nˆi · nˆj
∣∣∣∣∣∣∣
= δij − (nˆi · eˆ)(nˆj · eˆ)− (nˆi · jˆ)(nˆj · jˆ)
(A6)
where δij is the Kronecker delta. Substituting this into Equation (A1) gives
〈Φ〉 = a
2
4
∑
i,j=x,y,z
Φij(r)
[
5(nˆi · e)(nˆj · e)− (nˆi · j)(nˆj · j) + j2δij
]
. (A7)
From the singly-averaged potential, the secular evolution is given by the Milankovitch’s equations of motion
dj
dt
= − 1√
GMbina
(j ×∇j〈Φ〉+ e×∇e〈Φ〉) (A8)
de
dt
= − 1√
GMbina
(j ×∇e〈Φ〉+ e×∇j〈Φ〉) (A9)
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where ∇j ≡ (∂/∂jx, ∂/∂jy, ∂/∂jz) and ∇e ≡ (∂/∂ex, ∂/∂ey, ∂/∂ez) (e.g., Tremaine et al. 2009). Performing this
calculation gives the equations of motion as
dj
dt
=
a3/2
2
√
GMbin
∑
i,j=x,y,z
Φij(r)[(nˆj · j)(j × nˆi)− 5(nˆj · e)(e× nˆi)] (A10)
de
dt
=
a3/2
2
√
GMbin
∑
i,j=x,y,z
Φij(r)[(nˆj · j)(e× nˆi)− 5(nˆj · e)(j × nˆi) + δij(j × e)]. (A11)
A.1. Keplerian Potential
For the specific case where the potential Φ is only due to the central massive black hole, Equations (A10) and (A11)
reduce to
dj
dt
= τ−1bin [5(rˆ · e)(e× rˆ)− (rˆ · j)(j × rˆ)] (A12)
de
dt
= τ−1bin [5(rˆ · e)(j × rˆ)− (rˆ · j)(e× rˆ)− 2(j × e)] (A13)
where
τbin =
Mbin
MBH
R3
a3
P
3pi
(A14)
which is consistent with previous results (e.g., Liu & Lai 2018). We checked that our code with a Keplerian potential
from galpy gives the same results as those using the analytic equations above.
B. POTENTIAL FOR A SLIGHTLY FLATTENED CLUSTER MASS DISTRIBUTION: EXPLICIT
EXPRESSION FOR A HERNQUIST POTENTIAL
Let us consider the axisymmetric density profile
ρ(x, y, z) =
(3− γ)Mcl
4pic
s
mγ(m+ s)4−γ
(B15)
and express the elliptical variable m as m2 = (x2 + y2) + z2/c2 = r2 + zr
2 cos2 θ with z ≡ (1 − c2)/c2. We can
expand this profile to first order in z and conveniently write it in terms of the second-order Legendre polynomial,
P2(x) =
1
2 (3x
2 − 1), as
ρ(r, θ) =
(3− γ)Mcl
4pic
s
rγ(r + s)4−γ
[
1− z
3
(
γ + (4− γ) r
r + s
)(
P2 (cos θ) +
1
2
)]
(B16)
where positive densities are defined everywhere for z < 1/2 (c & 0.82). The associated potential can be obtained
from Poisson’s equation separating the solutions for P0 (cos θ) and P2 (cos θ). The solution for general γ is given in
terms hypergeometric functions and is not particularly useful to provide with simple analytical estimates. Instead, we
provide the solution for the Hernquist potential (γ = 1), which results in
Φcl(r, θ) = − GMcl
c(r + s)
[
1− z
6
(2s+ 3r)
(s+ r)
− z
3(r + s)
(
1 +
9s
2r
+
3s2
r2
− 3s(s+ r)
2
r3
log(1 + r/s)
)
P2 (cos θ)
]
. (B17)
It will become convenient to express this potential inside the sphere of influence of the black hole, so we expand it at
r  s to get
Φcl(r, θ) ≈ − GMcl
c(r + s)
{
1− z
6
(2s+ 3r)
s
− z
12
r
s
P2 (cos θ) +O
[
z(r/s)
2
]}
. (B18)
C. VELOCITY DISPERSION AND DISTRIBUTION FUNCTION FOR A γ-FAMILY POTENTIAL WITH A
CENTRAL BLACK HOLE
For the purpose of estimating the typical velocity dispersion in our cluster model, we assume that the system is
spherical and isotropic. Thus, from the Jeans equations (Binney & Tremaine 1987), we have that
σ2(r) =
1
ρ(r)
∫ ∞
r
Mencl(r
′)ρ(r′)
r′2
dr′ (C19)
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where Mencl(r) is the enclosed mass. This integral can be computed analytically for various values of γ (e.g., Tremaine
et al. 1994; Baes et al. 2005). In particular, for the Hernquist profile, we have that
σ2(r) =
GMBH
s
F1(r/s) +
GMcl
s
F2(r/s) (C20)
where
F1(x) = 6x(1 + x)
3 ln(1 + 1/x) +
1
2x
− 32 − 11x− 15x2 − 6x3 (C21)
F2(x) = x(1 + x)
3
[
ln(1 + 1/x)− 2512
]
+ 4x2(1 + x)2 − 3x3(1 + x) + 43x4 −
x5
4(1 + x)
(C22)
(Tremaine et al. 1994).
The distribution function f for the combined SMBH plus spherical γ-family potential can be computed numerically
via Eddington’s formula:
f(E) = 1√
8pi2
[∫ E
0
dΨ√E −Ψ
d2ν
dΨ2
+
1√E
dν
dΨ
∣∣∣∣
Ψ=0
]
(C23)
where Ψ ≡ −Φ is the relative potential, E ≡ Ψ− 12v2 is the relative energy, and ν(r) ≡ ρ(r)/Mcl is the spatial probability
density (Binney & Tremaine 1987). Note that the second term in this expression vanishes for the γ-family. Also note
that the numerical evaluation of this integral can be simplified by transforming the problem to be expressed entirely
in terms of the cluster potential, as described in Baes et al. (2005). We will not reproduce these transformations here,
but rather refer the reader to the aforementioned work.
The velocity probability density at position r can be obtained from the distribution function as
P (v, r) =
f(r, v)
ν(r)
(C24)
(Binney & Tremaine 1987). We use this expression to sample velocities for the population synthesis (Section 6).
